A short proof of Grinshpon's theorem 
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In [G, Theorem], Grinshpon proved that if is a commutative subring 
of a ring R and A G Mn{S) is invertible in Mn{R), then det{A) is invert- 
ible in R. Grinshpon's theorem is immediate from the following result by 
taking B = and using the fact that a square matrix over a commuta- 
tive ring is invertible iff its determinant is invertible. For X G Mn{R), let 
C{X) = {Y e M„(i?) : XY = YX}. 

Theorem. Let A, B e Mn{R) he such that C{A) = C{B). If the entries of 
A commute with each other, then there exists a commutative subring T of R 
such that A,B e MniT). 

Proof. Let / denote the identity of Mn{R). If a is any entry of A, then 
al G C{A) = C{B). Thus every entry of A commutes with every entry of B. 
So if b is any entry of B, then bl G C{A) = C{B) implying that the entries 
of B commute with each other also. Thus the subring T generated by all 
entries of A and B is commutative. □ 
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